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Abstract. We outline a derivation of area law of the Wilson loop in SU(N) Yang- 
Mills theory in the maximal Abelian gauge. This is based on a new version of non- 
Abelian Stokes theorem and the novel reformulation of the Yang-Mills theory. Abelian 
dominance and monopole dominance of the string tension in SU(N) QCD are immediate 
consequences of this derivation. 



INTRODUCTION 

In the dual superconductor picture [1] of quark confinement, the magnetic 
monopoles give the dominant contribution to the area law of the Wilson loop or 
the string tension. Based on 't Hooft argument [2] , the partial gauge fixing G ^ H 
realizes the magnetic monopole in Yang-Mills gauge theory in the absence of ele- 
mentary scalar field. In the conventional approach based on the maximal Abelian 
(MA) gauge, the residual gauge group was chosen to be the maximal torus sub- 
group H = U{1)'^~^ for G = SU{N). This choice immediately determines the type 
of magnetic monopoles. We re-examine this issue. We learn that the magnetic 
monopole which is responsible for area law of the Wilson loop is determined by 
the maximal stability group H rather than the residual gauge group H. This is a 
new feature appeared in SU{N), N > 3, which was overlooked so far in the lattice 
community as far as I know. Indeed, this situation occurs only for SU{N), N > 3. 
Therefore, we must distinguish the maximal stability group H from the residual 
gauge group H. In general, the maximal stability group H is larger than the max- 
imal torus subgroup, H = U{1)^~^ C H. So, the coset G/H C G/H. We derive 
area law of the Wilson loop in SU{N) Yang-Mills theory in the MA gauge. This is 
performed based on the results of a series of works [3-8]. 
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COHERENT STATE 



First of all, we construct the coherent state |,^, A) corresponding to the coset 
representatives ^ G G/H. We define the maximal stability subgroup (isotropy 
subgroup) i/ as a subgroup of G that consists of all the group elements h that leave 
the highest- weight state |A) invariant up to a phase factor, i.e., h\A) — \A)e^'^^^\ h e 
H. The phase factor is unimportant in the following discussion because we consider 
the expectation value of any operators in the coherent state. The maximal stability 
subgroup H includes the Cartan subgroup H = U{lY, i.e., H G H. 

Let H be the Cartan subgroup of G and H be the Cartan subalgebra in Q. For 
every element g & G, there is a unique^ decomposition of g into a product of two 
group elenients, g = C,h, ^ G G/H, h E H, for g E G. We can obtain a unique coset 
space G/H for a given |A). The action of arbitrary group element gf G G on |A) is 
given hy g\A) = ih\A) = ^\A)e''^^''\ 

The coherent state is constructed as |^, A) = ^|A). This definition of the coherent 
state is in one-to-one correspondence with the coset space G/H and the coherent 
states preserve all the algebraic and topological properties of the coset space G/H. 
If r^(^) is Hermitian, then Hj = Hi, and El^ = E_a- Every group element g E G 
can be written as the exponential of a complex linear combination of diagonal 
operators H^ and off-diagonal shift operators E^. Thus the coherent state is given 

by 



|e,A) = e|A> = exp 



|A), ^^eC, (1) 



where |A) is the highest-weight state {Hj\A) = Aj\A), Ea\A) — for a G R+, 
is a subsystem of positive (negative) roots.) such that 

(i) I A) is annihilated by all the (off-diagonal) shift- up operators Ea with a > 0, 
Ea\A) = 0{a > 0); 

(n) I A) is mapped into itself by all diagonal operators H^, Hi\A) = Aj|A); 

(iii) I A) is annihilated by some shift-down operators Ea with a < 0, not by other 
Ep with /3 < 0: Ea\A) = O(some a < 0); EplA) = |A + /3)(some f3 < 0); and 
the sum J^p' is restricted to those shift operators Ep which obey (iii). 

The coherent states are normalized to unity, (^,A|^,A) — 1, but, are non- 
orthogonal, (^',A|^,A) 7^ 0. The coherent state spans the entire space V^. By 
making use of the the group-invariant measure dn{C,) of G which is appropriately 
normalized, we obtain / |^, A)(i/i(^)(^, A| = /, which shows that the coherent states 
are complete, but overcomplete. This resolution of identity is very important to 
obtain the path integral formula given below. The coherent states \C,A) are in 
one-to-one correspondence with the coset representatives G G/H, |^, A) ^ G/H. 
In other words, |C, A) and ^ G G/H are topologically equivalent. 



For concreteness, we first focus on the SU(3) case. The highest weight A of the 
representation specified by the Dynkin index [m, n] (m, n: integers) can be written 

as A = mhi + {f^, n are non-ncgativc integers for the highest weight) where 
hi, h2 are highest weights of two fundamental representations of SU(3) correspond- 
ing to [1,0], [0, 1] respectively, i.e., hi = (|, ^) , ^ = (|, ^) . Therefore, we 

obtain A = (^^^^, ^^j") • If mn = 0, i.e., m = or n = 0, the maximal stability 
group H is given hj H = U{2) (case (I)). Such a degenerate case occurs when the 
highest-weight vector A is orthogonal to some root vectors. If mn 7^ 0, i.e., m 7^ 
and n 7^ 0, is the maximal torus group H — U{1) x U{1) (case (II)). This is a 
non-degenerate case. Therefore, for the highest weight A in the case (I) , the coset 
G/H is given by 

SU{3)/U{2) = SU{3)/{SU{2) x U{1)) = CP^ (2) 
whereas in the case (II) 

SU{3)/{U{l)xU{l))^F2. (3) 

Here, CP" is the complex projective space and P„ is the flag space. Therefore, the 
two fundamental representations belong to the case (I), so the maximal stability 
group is C/(2), rather than the maximal torus group C/(l) x U{1). 



NON-ABELIAN STOKES THEOREM 



We have derived a new version of non-Abelian Stokes theorem (NAST) [9,10]. 
For the non-Abelian Wilson loop defined by the trace of the path-ordered exponent 
along the closed loop C, 



W^[A] := tr 



V exp j> A 



(4) 



with A being the connection one-form, A{x) — A^{x)T^dx^ — A'^{x)T^, the 
NAST for SU{N) is given by 



W''[A] = /[dMO]cexp ^tg£ 

= / [dm 

where we have defined 



n^A"^ + -u 
9 



Jcexp ig 



S:dS=C 



1 



c^(n^^^) + -^K 
9 



(5) 



n^(a:) := {A\Vix)T^V^ {x)\A), 
cu{x) := {A\iV{x)dV^{x)\A) = {A\i^\x)d^{x)\A) , 



(6) 
(7) 



and rix is the Kahler two-form given by 



flK -.^ duj. (8) 
The NAST (5) imphes that the Wilson loop is rewritten into 

W'^IA] = / [dii{i)]c exp [ig £ a) = j [d/i(0]c exp [ig j^^^^^ /) . (9) 
First, a is the connection one-form, 

a:=n^^^ + -a; = (A|^^|A), (10) 
9 

where A!^ :— VAV^ + WdV^ is the gauge transformation of ^ by e Fn-i- For 
quark in the fundamental representation, 

a = tr{nA^). (11) 

Therefore, the one-form a is equal to the diagonal piece of the gauge-transformed 
potential A^ . Next, / is the curvature two-form, 

f ■=da = dC+-duj = dC+-nK, (12) 
9 9 

where we defined the one-form, C :— n^A'^. The first piece dC in / does not 
contribute to the magnetic current, due to the Bianchi identity. On the other 
hand, the second term in / leads to the non-vanishing magnetic current, 

:= du*f^u ^ 0, (13) 

where is the Hodge dual of in four dimensions, := \^fivpafpa- In 

general, the (curvature) two-form / = d{n^A^) + fix in the NAST is the Abelian 
field strength (which is invariant even under the non- Abelian gauge transformation 
of G = SU{N)), i.e., the generahzed 't Hooft-Polyakov tensor for SU{N), 

f,M := d^{n\x)A^{x)) - d,{n\x)A''^{x)) + -n{x) ■ [d,n{x),dM^)]- (14) 

The invariance of / is obvious from the NAST (9), since the L.H.S. of (9), i.e., 
is gauge invariant and the measure [<iA*(0]c in the R.H.S. is also in- 
variant under the G gauge transformation. Otherwise, the R.H.S. is zero. In 
the case of fundamental representation, the invariance is easily seen, because it 
is possible to rewrite (14) into the manifestly gauge invariant form: /,i^(x) : = 

tr (n{x)J='^,y{x) + ^n{x) ■ [D^n{x), Di,n{x)]j , where := dfj,A„{x)-dt,Ai^{x)- 

ig[Afj,{x),Au{x)], and Df,n{x) := du,n{x) - ig[Ai^{x),n{x)]. 



ABELIAN DOMINANCE 



In our framework, the Abelian dominance and the monopole dominance are un- 
derstood as implying the first and the second equahty respectively, 

where APEGT denotes the Abelian-projected effective gauge theory [3]. Numerical 
simulations show that the monopole part exhibits the area law and (TAbei exhausts 
the full string tension obtained from the non- Abelian Wilson loop (i.e., monopole 
dominance in the string tension or area law), 

(cxp )^pj^^^ ~ eX^{-(7Ahel\S\), (16) 

while (^ex.^ {ig §Q a — i §qUj)^ ^^^^^ does not exhibits the area law. This result 
implies that the area law of the original non-Abelian Wilson loop, 

{^''[A)^^- ^M-<^\S\), o = aAui. (17) 

The monopole dominance in this sense was derived for S\J (2) in [6] by showing that 
the dominant contribution to the area law comes from the monopole piece alone, 
= c^^- In [7]. the monopole dominance and the area law of the Wilson loop 
have been shown based on the APEGT for G = SU{2). Now this scenario can be 
extended into G = SU{N). 

MAGNETIC MONOPOLES IN YANG-MILLS THEORY 

The existence of magnetic monopole is suggested from the non-trivial Homotopy 
groups 7T2{G/H). In the case (II), 7r2(F2) = 7r2(5f/(3)/(f/(l) x U{1))) = 7ri(f/(l) x 
U{1)) = Z + Z. On the other hand, in the case (I), i.e., [m,0] or [0,n] TTafcP^) = 
7r2iSU{3)/U{2)) = 7ri(C/(2)) = 7ri{SU{2) x C/(l)) = 7ri(C/(l)) = Z. Note that CP" 
NLSM has only the local U{1) invariance for any n. It is this U(l) invariance that 
corresponds to a kind of Abelian magnetic monopole in the case (I). This magnetic 
monopole may be related to the non-Abelian magnetic monopole proposed by E. 
Weinberg et al. 

This situation should be compared with the SU{2) case where the maximal sta- 
bility group is always given by the maximal torus H = U{1) irrespective of the 
representation. Therefore, the cosct is given by G/H = SU{2)/U{1) = Fi — 
(jpi ^g2^ gQ(^2,) and 'K2{SU{2)/U{1)) = 7r2(Fi) = n2{CP^) = Z, for arbitrary 
representation . Actually, the NAST derived in this paper shows that the funda- 
mental quark feels only the U{1) embedded in the maximal stability group U{2) as 
a magnetic monopole (This is a component along the highest- weight) . 



AREA LAW OF THE WILSON LOOP 

The (full) string tension a is defined by 

1 



(T := — lim 



A(C)— oo A{C) 



ln(iy^[^])yM4, 



(1^ 



where A{C) is the minimal area spanned by the Wilson loop C. 

We estimate the Wilson loop in the reformulation of the Yang-Mills theory which 
was proposed by the author and was called the perturbativc deformation of a topo- 
logical quantum field theory [4]. The Wilson loop is written as 



YM4 



^ exp 


''I 







exp 



pYM4 



(19) 



TQFT4 



Here the expectation value ((• • •))pyM ^r the field V is calculated in the pertur- 
bation theory in the coupling constant g. On the other hand, the expectation 
value ((■ ■ ■))tqft should be calculated in a non-perturbative way to incorporate 
the topological contribution where [/ is a compact gauge variable, 



Stqft[^, C, C, B] 



R4 



-n^{x)n^{x) + zC{x)C{x) 



(20) 



where il^(x) := -U{x)dnW{x). This reformulation leads to the result: 



{W^[A])YM4=(^exp 



TQFT4 



1 + o(/) 



(21) 



This implies the magnetic monopole dominance in the area law of the Wilson loop. 
For the planar Wilson loop C, the Parisi-Soulous dimensional reduction [4] leads 

to 



exp 



I (p UJ 



TQFT4 



exp 



NLSM2 ' 



where the two-dimensional nonlinear sigma model (NLSM) has the action. 



Snlsm[U, C, C] := 2% j^^ d'^x trc/n 



-n^{x)%{x)+iC{x)C{x) 



(22) 



(23) 



By making use of the complex coordinates of the fiag space G/H, the action is 
rewritten as 



— / dzdz g^-p 
g'^ Jc 



dz dz dz dz 



(24) 
(25) 



where z — x + iy — Xi + 1x2 e C = R^, and dxdy — dx^dx^ = ^dzdz, and 
we have omitted the ghost term, C{x)C{x). Here g{ii) is the running Yang-Mills 
coupling constant whose running is given by the perturbative deformation in four- 
dimensional Yang-Mills theory. For the quark in the fundamental representation of 
SU{N), the relevant NLSM is given by CP^~^ model. We can show the area law, 

~ exp(-(7ori?), (26) 

by the instanton calculus (dilute instanton-gas approximation) or by the large N 
expansion in the two-dimensional CP^~^ model, see [10]. 

In summary, we have given a new derivation of non-Abelian Stokes theorem for 
G = SU{N) ior N > 2 which reduces to the previous result for SU{2). This 
version of non-Abelian Wilson loop is very helpful to see the role played by the 
magnetic monopole in the calculation of the non-Abelian Wilson loop. Combining 
this non-Abelian Stokes theorem with the Abelian-projected effective gauge theory 
for SU (iV), we have explained the Abelian dominance for the Wilson loop in SU (N) 
Yang- Mills gauge theory. For SU{N) with N greater than two, we must distinguish 
the maximal stability group H and the residual gauge group H = f/(l)^~^. 

By making use of the non-Abelian Stokes theorem in a novel reformulation of 
the Yang-Mills theory proposed by one of the authors [4], the derivation of the 
area law of the non-Abelian Wilson loop in four-dimensional Yang-Mills theory has 
been reduced to the two-dimensional problem of calculating the expectation value 
of the Abelian Wilson loop in the cosct G/H non-linear sigma model. Especially, 
in order to show confinement of the fundamental quark in four-dimensional SU (N) 
Yang- Mills theory in the MA gauge, we have only to consider the two-dimensional 
GP^~^ model. The details will be given in [9,10]. A Monte Carlo simulation on a 
lattice will be efficient to confirm the above picture of quark confinement. 



exp 



UJ 



c 
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